We study the effect of polydispersity on the structure of polymer brushes by analytical theory, a numerical self-consistent field approach, and Monte Carlo simulations. The polydispersity is represented by the Schulz-Zimm chain-length distribution. We specifically focus on three different polydispersities representing sharp, moderate and extremely wide chain length distributions and derive explicit analytical expressions for the chain end distributions in these brushes. The results are in very good agreement with numerical data obtained with self-consistent field calculations and Monte Carlo simulations. With increasing polydispersity, the brush density profile changes from convex to concave, and for given average chain length Nn and grafting density σ, the brush height H is found to scale as (H/Hmono − 1) ∝ (Nw/Nn − 1)
I. INTRODUCTION
Polymer brushes have been the subject of intense investigations starting from the seminal paper by Alexander roughly 40 years ago [1] . As surface modifiers, they have applications in various fields, e.g., as anti-fouling surfaces [2] , lubrication [3, 4] , biomedicine [5] , biomaterial [6] , nanosensoring [7, 8] and others. The current level of understanding of brushes is to a large extent based on a relatively simple but detailed analytical theory, which was proposed at an early stage [9] [10] [11] . Although the original theory described only equilibrium properties of monodisperse brushes, it gave an impetus for a large body of experimental and simulation-based work extending well outside this scope (see the reviews [3, [12] [13] [14] ). As far as the brush density profiles and detailed characteristics of brush-forming chains are concerned, the picture provided by theory and simulations for various chain lengths, grafting densities and solvent qualities is extremely detailed. Thermodynamic parameters such as the chemical potential and the osmotic pressure profiles are also readily available [15] [16] [17] .
The experimental synthesis of monodisperse brushes (or brushes with a very narrow molar mass distribution) requires special methods. Polymer brushes formed by long chains are typically produced using "grafting to" and "grafting from" techniques. In the "grafting to" technique, narrowly fractioned pre-formed polymer chains of a given number-averaged chain length N n are tethered to a surface either by chemical bonding or by strong adsorption of a short sticky block. The number of grafted chains per unit area, σ, can be calculated from the total mass of grafted material and the total area, both directly measurable in the experiment. During the brush synthesis, polymer molecules must diffuse through an existing grafted polymer layer to reach the reactive sites decorating the surface. Due to steric hindrance, this becomes increasingly difficult with increasing height and density of the polymer brush. Hence only synthesize brushes with relatively low grafting densities and moderate brush thickness can be synthesized with this technique. Very recently, it was reported in the literature [18] that the highest grafting density for poly(ethylene glycol) (PEG) brushes that would be obtained using the grafting to method is close to 1.2 chains/nm 2 . The "grafting from" approach has become the preferred option for the synthesis of dense polymer brushes. This approach uses a surface immobilized initiator layer and subsequent in situ polymerization to generate the polymer brush. The method gives a polydisperse brush with higher grafting density σ independent of the poly-merization time. In contrast to the "grafting to" methodology, calculating σ for systems prepared by the "grafting from" approach is more challenging because N n is unknown a priori. One method of characterizing the chain length distribution (or the molecular weight distribution) is to degraft the polymer chains from a large surface area and collect a sufficient amount of material, which is then analyzed using a sensitive analytical method of size exclusion chromatography. It was shown [19] that the chain length distribution of the degrafted chains of poly(methyl-methacrylate) is close to the socalled Schulz-Zimm distribution. The values of the polydispersity index, N w /N n ≈ 1.15 − 1.19, were marginally higher than those typically observed for bulk polymers grown under similar conditions and did not reveal any significant dependence on the polymerization time. (Here N w denotes the weight averaged chain length which can be determined experimentally, e.g., by scattering methods). Thus the experimental techniques available for producing polymer brushes with high polymerization index typically yield rather broad chain length distributions. Broad distributions are also typical for biological brushes covering the surface of some cells or blood vessels [20] .
It is common wisdom that polydispersity may significantly affect the properties of polymeric systems. However, experimental work comparing the properties of polymer brushes that differ only in polydispersity is still very rare. In Ref. [21] , curves showing the energy vs. separation upon bringing together two brush-coated surfaces were compared for brushes with N w /N n ≈ 1.06 and N w /N n ≈ 1.23, and similar values for the numberaveraged molar mass M n = 37000 and the grafting density σ = 0.195. Russell and co-workers [22] observed that surfaces with a quaternary ammonia-modified dry polydisperse brush could kill bacteria cells, while a polymer brush of the same thickness but with low polydispersity could not penetrate the bacterial cell envelope (the charge density is a critical parameter for the killing efficacy).
Polydispersity should also affect the penetration of polymer brushes by proteins. In particular, differences in the fouling properties of brushes were attributed to indirect polydispersity effects although no clear-cut experimental evidence was given [23] .
From a theoretical point of view, the study of polydispersity effects on the structure and properties of brushes is quite difficult. A general approach based on the selfconsistent field (SCF) theory in the strong-stretching limit was proposed by Milner, Witten, and Cates (MWC) [24] . It allows to calculate the brush density profile as well as individual chain stretching characteristics numerically for a given chain length distribution. Closed-form analytical expressions for the density profiles are typically not available, although some global brush characteristics are given in a simple integral form. Intriguingly, almost none of the predictions have been compared to numerical SCF work or simulations. At least part of the problem seems to be psychological, since the variety of conceivable chain length distribution functions is overwhelming. Whether the strong stretching approximation which proved to be so useful in the case of monodisperse brushes is practical for broad chain length distributions remains an open question. Monte Carlo (MC) simulations of polydisperse brushes face the additional challenge that one must perform quenched disorder averages, due to the fact that chains of different length are permanently grafted to a substrate. An extensive numerical SCF study of polydispersity effects on the brush structure was presented in [25] on the basis of the Schulz-Zimm distribution, which is commonly used to describe experimental samples. With this choice of distribution shape, the polydispersity parameter N w /N n can be tuned in a range from 1 to 2. Brush density profiles for moderate grafting density and good solvent conditions were calculated, allowing to study systematic changes in the brush height and in the profile shape with increasing polydispersity. Qualitatively, the picture can be summarized as follows: Starting from the familiar parabolic (convex caplike) profile in the purely monodisperse case, the mean curvature of the profile decreases monotonically, resulting in clearly concave shapes at N w /N n > 1.4. In the case of moderate polydispersity, N w /N n 1.15, the density profile is almost linear. Another paper by the same group addressed the polydispersity effects on the brush penetration by nanoparticles using SCF calculations [26] . It was shown that the larger the polydispersity, the easier it is for a small particle to penetrate the brush and to touch the substrate. For very large particles an opposite effect is found: it is harder to compress a polydisperse brush than a corresponding monodisperse brush.
In the present paper we study three cases representing vanishingly small, moderate and large polydispersity. By combining closed-form analytical solutions based on the MWC theory with a Green's function approach we calculate the density profiles and the individual chain conformations (including the chain fluctuations neglected by the strong stretching approximation) and test the theory predictions by MC simulations and one-dimensional SCF numerics. Finally, we examine the effect of polydisperse brushes on hydrodynamical shear flow and calculate in particular the hydrodynamic penetration depth.
The remainder of the paper is organized as follows: Sec. II describes the model system, the MC scheme, and the Schulz-Zimm distribution. In Sec. III, we discuss general characteristics of polydisperse brushes, such as their height and their density profiles. In Sec. IV, we briefly summarize the main predictions of the analytical theory (which are derived in detail in Appendix B, based on the MWC theory). The theoretical predictions are compared with MC simulations and numerical SCF calculations in Sec. V. In this context, we also analyze the chain end fluctuations in weakly polydisperse brushes and introduce the concept of monodisperse brushes as near-critical systems. The implications for the interaction with hydrodynamic flows are discussed in Sec. VI. We close with a summary of the main features of polydisperse brushes in Sec. VII. The Appendix summarizes technical details on the SCF theory and presents the derivations of analytical results -in particular, the analytical expressions for the Green's function of single chains embedded in three types of brush (monodisperse, moderately polydisperse with exactly linear density profile, and strongly polydisperse) and the expressions for the hydrodynamic penetration length in these brushes.
II. MODEL AND MONTE CARLO SCHEME
The system is composed of a dense polydisperse brush in implicit solvent in a volume V = L x · L y · L z . We adopt periodic boundaries along the x and y directions, while impenetrable boundary walls are placed z = 0 and z = L z . Polymer chains are modelled as chains of beads connected by harmonic springs with the spring constant 3k B T /2a
2 , where a is the statistical bond length, k B is the Boltzmann constant, and T the temperature. We will use a as the unit length and k B T as the energy unit. Brush chains in the system are grafted with one end each onto a flat substrate located at z 0 , which is chosen 0 < z 0 < a for practical reasons. The nonbonded interaction is formulated in terms of the local monomer density, implying that we have soft interactions. The Hamiltonian thus has the Edwards type [27] [28] [29] [30] [31] and can be written as
where β ≡ 1/k B T , and the bond length a is assumed to be the same for each monomer. In the first term R αj denotes the location of the jth bead in the α-th chain, the index α running over all n b brush chains, and N α is the chain length for the α-th brush chain. The second term represents the nonbonded effective monomermonomer interactions. Here, v is the excluded volume interaction parameter measuring the monomer-monomer interaction strength in good solvent. The microscopic density of monomers is a function of conformation,φ = n b α=1 j δ(r − R αj ). We will use φ to denote the smoothed density, for example, the ensemble average density, i.e., φ ≡ φ . In the present work, we choose v = 1, which corresponds in explicit solvent to a FloryHuggins parameter χ = 0 (athermal solvent conditions) in mean-field approximation [32] . Furthermore, we set β = 1 and a = 1, thus defining the simulation units for length and energy.
In the MC simulations, local densities are extracted from the position of the beads using a Particle-to-Mesh technique [33] , which provides a way for the smoothing of density operators. In the present work we use the first order Cloud-in-Cells scheme [34] , which means that monomers are partitioned between their eight nearest neighbour vortices with a weight that depends on the relative distance between the monomer and the vortex. This implies that two beads interact even when they are in neighbour cells, and thus the interaction distance is effectively larger than cell size. Higher order schemes are conceivable, but computationally more expensive.
For the chain length distribution, we choose the SchulzZimm (SZ) distribution [35, 36] , a realistic size distribution that is often adopted to describe polymer polydispersity. The continuous SZ distribution is a two-parameter function, and if one uses N n , the number-averaged chain length and k, a parameter related to the polydispersity index, as the free parameters, the SZ distribution can be written as
where Γ(k) is the Gamma function. In the limit of k → ∞ the distribution becomes a δ-peak, while for k = 1, it reduces to a simple exponential distribution. It is easy to check that P (N ) is normalized to unity, and the first order moment is given by N = . The weight-averaged chain length can be calculated as
k . The relation between N w and N n can be expressed in terms of k as N w /N n = 1 + 1/k.
In practice we have only a finite number n = σ · L x · L y of chains in the system (σ is the grafting density). We determine all possible sets of n chains whose first, second, and third chain length moment are consistent with those of the SZ distribution within one percent. Then we perform SCF calculations to estimate the brush density profiles of each set (they are almost identical) and select the set that produces the smoothest profiles. This set is then used for the simulations. Disorder averages are carried out with respect to the arrangement of grafting points of the chains [37] .
In the present study, the number averaged chain length is fixed at N n = 100. The system is divided into cubic cells with the size a 3 = 1. To study the effect of polydispersity, we specifically choose three different polydispersities with k = 50, 7, and 1 representing vanishingly small, moderate and large polydispersity, and study brushes with grafting density σ = 0.1, 0.2, 0.3. At chain length N = 100, the mean squared radius of gyration of free chains is R These systems were studied by MC simulations. In every MC update, we try to move the position of one chosen monomer to a new position with a distance in space comparable to the bond length. This trial move re- sults in an energy change including the bonded and nonbonded energy, and it is accepted or rejected according to the Metropolis probability. In all simulations, 4 × 10
5
MC steps per monomer were performed to equilibrate the system, and another 4 × 10 5 MC steps to extract statistical averages. We checked the equilibration by running further simulations up to 8 × 10 5 MC steps. Consistent results were obtained for both brush properties and single chain behavior.
Final statistical quantities were obtained by averaging the results from 48 separate independent MC runs with different arrangement of the grafting points.
III. GENERAL CHARACTERISTICS OF POLYDISPERSE BRUSH: HEIGHT AND DENSITY
A family of brush density profiles for brushes with Schulz-Zimm chain length distributions and polydispersity indices N w /N n = 1, 1.02, 1.15, 2 at fixed surface grafting density σ = 0.3 and number average N n = 100 is shown in Fig. 1 .
As the polydispersity is increased, the shape of the brush density profiles changes from a concave parabola to a convex curve, and the brush height increases. Several observations turn out to be of very general validity. First, the area under all the profile curves is the same. This follows from the definition of the number averaged chain length, N n . Indeed, the area under the curve corresponds to the total number of monomers (per unit grafting area), which is the product of the number of chains per unit area, σ, and the average number of monomers per chain, N n . Thus φ(z)dz = σN n irrespective of the particular shape of the chain length distribution. The next observation concerns the local brush density near the solid substrate. At the surface one observes a small dip which is of the order of a few monomer sizes and may be modeldependent. It is known that off-lattice molecular chain models may produce density oscillations very close to the surface as a result of packing effects [38] . Here, we are interested in the extrapolated density at the surface, φ(0), as the property of the smooth model-independent profile. It is clear for Fig. 1 that φ(0) changes little with increasing polydispersity index, although some decrease is observed for the largest polydispersity, N w /N n = 2. The analytical theory of polydisperse brushes developed by Milner, Witten, and Cates (MWC) predicts that in the strong-stretching limit under good solvent conditions, within the second-order virial expansion approximation, the extrapolated density φ(0) is completely determined by one single parameter: the product of σ and the second virial coefficient v. The same holds for chain length distributions of any shape and any average chain length, and hence, the expression derived for monodisperse brushes is very generally valid:
Most experimental studies of polymer brushes have focused on investigating the brush height as a function of the average chain length and the grafting density. The original Alexander-de Gennes theory predicts the scaling form H ∼ N σ 1/3 and the more detailed SCF theory of monodisperse brushes [9, 10] gives the same scaling with a specific prefactor:
Numerical SCF calculations [25] have indicated that the same scaling applies to polydisperse brushes. In Appendix B we demonstrate that this scaling follows directly from the MWC theory for any realistic chain length distribution. Thus the form of the chain length distribution only affects the prefactor. For any single-parameter family of chain length distribution the pre-factor becomes a function of the polydispersity index, hence the height can be written as H = A (N w /N n ) N n σ 1/3 . Our goal is to estimate the pre-factor A(N w /N n ) from our MC simulations. Unfortunately, extracting the brush height from numerical data on the density profiles is not entirely straightforward because of the very tenuous tail caused by the chain fluctuations. In monodisperse brushes, a popular way to overcome this problem is to simply extrapolate the parabolic profiles, but this approach is not applicable in general polydisperse brushes. Hence we adopt a simple pragmatic approach and define the brush height H as the distance where the density becomes smaller than a threshold value of 0.01.
Analytical considerations for specific chain length distributions [24, 39] have suggested that the average height of a polydisperse brush H, rescaled by the height of the corresponding monodisperse brush H mono (N n , σ), should be a linear function of (N w /N n − 1) 1/2 for narrow chain length distributions. We test our simulation results for the brush height against this theoretical prediction. For the SZ distribution, we have (N w /N n − 1) = 1/k, and 
The data roughly collapse onto a single straight line, which can be described by a simple equation
over a wide range of polydispersity indices. Here α ≈ 1 is an empirical prefactor whose exact value depends on the cut-off value used for estimating the brush height. For example, if the cut-off value is chosen 0.01, we get α = 1.05 ± 0.03 as shown in Fig.(2) ; for a cut-off value 0.001, we get α = 1.15 ± 0.03 (data not shown). At low polydispersity, the brush height is almost independent of the predefined cut-off, since the brush tail is sharp; at high polydispersity, when the brush tail becomes flat, the estimated brush height is sensitive to the cut-off.
IV. ANALYTICAL RESULTS
Explicit analytical predictions for the structure of polymer brushes with experimentally relevant chain length distributions are not found in the literature. Here we provide some results for three cases inspired by simulation results for brushes with SZ polydispersity. The brush density profiles presented above in Fig. 1 (which correspond to moderate grafting densities and good solvent conditions) illustrate the systematic changes of the profile shape with increasing polydispersity. For weakly polydisperse brushes with N w /N n 1.02, the profiles change very little compared to the purely monodisperse parabolic brush. Thus we can apply exact results available for the latter case to identify weak polydispersity effects. The moderately polydisperse case is exemplified by the density profile which has a nearly constant slope for N w /N n 1.15. According to the basic tenets of the SCF theory, a linear density profile generates a linear mean-field potential. Fortunately, exact solutions are also available for chains in a linear external potential [40] . Although for the SZ case the profile is only approximately linear, we demonstrate that a somewhat different chain length distribution with a similar polydispersity index generates a strictly linear profile (at least in the strong stretching limit). Finally, the case of the largest polydispersity with an exponential chain length distribution and N w /N n 2 also admits an exact analytical solution in the framework of the MWC theory. We analyze not only the average brush properties such as the density profile, but also the behavior of individual brush chains including the mean end positions and their fluctuations. In the following, we list the most important fundamental analytical results. All derivations and most expressions that are used later for comparisons with the simulations data are found in Appendix B.
A. Monodisperse polymer brush
The density profile of monodisperse brushes is given by a well-known expression:
with φ 0 and H mono given by Eqs (3) and (4). The meansquared fluctuations of the chain end position are also known:
In the polydisperse brushes, our main interest will be to investigate the end-monomer distributions for chains of different length. To enable a meaningful comparison, we introduce a vanishing fraction of minority chains of different length, N , into the otherwise monodisperse brush. The end monomer probability density for a minority chain is deduced from the Green's function which is a known solution of the Edwards' equation in the presence of a purely parabolic potential and an impenetrable inert grafting surface [41] :
where B is a normalization factor.
B. Moderately polydisperse brush
The moderately polydisperse brush considered here is characterized by a linear density profile:
where φ 0 is given by Eq. (3). The brush height is:
and the mean force per monomer is f = φ 0 /H. The Green's function of a chain placed in a uniform force field of strength f is a solution of the corresponding Edwards equation which was obtained in Ref. [40] :
(11) On the basis of the MWC theory, one can find a closedform analytical solution for the chain length distribution P lin (N ) that generates a brush with exactly linear profile (see Appendix B):
where the cut-off chain length is N max = 16 3π N n . The polydispersity index of this distribution is N w /N n = 1.15, which is close to the value N w /N n = 1.14 of the SZ distribution producing approximately linear brush density profile.
C. Strongly polydisperse brush
For the strongly polydisperse case with N w /N n = 2, the SZ distribution simplifies to a purely exponential form:
which allows an exact closed-form solution on the basis of the MWC theory. The brush density profile is given in the form
where y = Ψ(x) is the inverse of the function x = √ 1 − y − √ y arcsin √ 1 − y . The brush height is H = 3H mono . This last result differs from the value obtained by MC simulations H 2H mono (see Fig.2 ). This is not surprising, as the brush profile has a very long and flat tail at high polydispersities, and the determination of the brush height from MC simulations becomes difficult. In other respect, the theoretical predictions and the MC simulation data match reasonably well (see below).
The full Green's function for a chain of arbitrary length N is not available. However, one can derive an exact expression for the average end chain position as a function of N :
All other details are given in Appendix B.
V. SIMULATION RESULTS AND COMPARISON WITH THEORY
We now discuss the results from MC simulations, analytical theory as well as numerical SCF calculations in one dimension. The one dimensional SCF approach used in these calculations is outlined in Appendix A.
A. Monodisperse and weakly polydisperse polymer brushes
We first consider the monodisperse limit (k → ∞, N w /N n = 1) as a reference. Fig. 3 compares the MC simulations data and the SCF calculations with the theoretical predictions for monodisperse brushes at N n = 100 and grafting densities σ = 0.1, 0.2 and 0.3. Panel (a) displays the density profiles in rescaled coordinates φ(z)/σ 2/3 vs z/(N n σ 1/3 ). The chain length distribution has the form of a delta-function and is shown in inset. Panels (b) and (c) show the average end position and fluctuations for minority chains inserted in the otherwise monodisperse brush of chain length N n . The length of the minority chain is denoted as N and it can be shorter or longer than N n .
To enable a comparison with polydisperse brushes, where the length of the individual constituent chains generally differs from the number average N n , we add isolated minority chains with length N = N n to the monodisperse brush and study their behavior. A sharp increase in the end-height fluctuations as N → N n , see panel (c), signals the onset of critical-type behavior of individual chains in the monodisperse brush. The critical behavior of individual chains is inherently linked to monodispersity and is suppressed in polydisperse brushes as will be discussed below sec.V D. Next we study a very weakly polydisperse brush with k = 50, N w /N n = 1.02. Such a brush would be considered monodisperse in most experimental setups. For such weak polydispersities with k −1 1, the SZ distribution is a narrow symmetric peak, see the inset of Fig. 4 (a). The density profile is still close to the theoretical parabolic shape of Eq. (B11). The main difference is that the tenuous tail at the outer edge of the brush is more strongly pronounced. However, the behavior of the end position Z e (N ) for chains of length N is distinctly different from the truly monodisperse case. The average end positions of the constituent chains are described by a well-defined increasing function Z e (N ), which is less sharp than that for minority chains described in the previous subsection, see panel smaller and broader in comparison to the monodisperse brush, see panel (c). This confirms the conclusions of Ref. [39] , where anomalous fluctuations were predicted to be suppressed already in weakly polydisperse brushes. Fig. 3 for weakly polydisperse brushes with Schulz-Zimm distribution at k = 50 with Nn = 100, Nw/Nn = 1.02. The corresponding chain length distribution is shown in the inset of (a)). Solid purple lines show the theoretical predictions for monodisperse brushes (same curves as in Fig. 3 .
B. Moderately polydisperse brush
We turn to discuss brushes with moderate polydispersity, focusing in particular on the case discussed in Sec. B 4, where the brush density profile is close to linear. For the SZ distribution, this is reached at k = 7, corresponding to N w /N n = 1.14. In Appendix B 4, we also derive a chain length distribution profile that generates a strictly linear density profile in the strong segregation limit (Eq. (B28)). In the following, we will study and compare the structure of polydisperse brushes with these two chain length distributions, i.e., the SZ distribution at k = 7 and the distribution of Eq. (B28). We begin with the latter (Fig. 5) . Fig. 5(a) demonstrates that the density profile obtained by MC simulations is, indeed, extremely close to linear even for moderately long chains with N n = 100. Theoretical curves for the average end positions and fluctuations are calculated numerically based on the Green's function, Eq. (11). Our specific chain length distribution function has a the polydispersity index N w /N n = 1.15 and a strict cut-off at the maximum chain length N max = 16 3π N n . In order to also assess chain end positions and fluctuations for longer chains, we use the same procedure than for the monodisperse chains and calculate the properties of longer probe chains inserted in the brush with linear profile. The application of the Green's function formalism to chains that extend outside the brush edge is explained in Appendix B 4 at the example of monodisperse brushes. The theory predicts the mean positions of chain ends reasonably well (Fig. 5(b) ); in particular, the middle part of the curves follow a simple quadratic dependence Z e (N ) = N 2 f /6, as expected for a free chain in a gravitational field, where f is the force per monomer given by Eq. (B30). Close to the substrate and at the brush surface, the profile deviates from the quadratic behavior due to boundary effects. Short chains are affected by the hard substrate and have mushroom conformations. Long chains with length close to N ≈ N max or longer do not feel the full "gravitational" force at the edges. The chain end fluctuations, shown in Fig. 5(c) , exhibit a pronounced maximum followed by a drop which is due to the boundary effect of the outer brush edge. The theory provides a qualitatively correct prediction of the maximum and the subsequent drop for chains with length N N max and slightly longer. Fig. 6 shows the corresponding data for brushes with SZ distribution at k = 7 (N w /N n = 1.14). The behavior is mostly similar to that shown in Fig. 5 . The density has a smoother profile at the outer edge. This leads to a significant difference in the fluctuation curve where the non-monotonic behavior degenerates into a plateau.
C. Strongly polydisperse brushes
Finally, we consider a strongly polydisperse brush with SZ distribution characterized by the polydispersity parameter k = 1 and, correspondingly, a polydispersity index of N w /N n = 2. This case is discussed theoretically in Appendix B 5. The brush density profile has a pronounced convexity, see panel (a) of Fig. 7 , while the chain length distribution is reduced to a simple exponential (inset in panel (a)). The analytical theory describes the density profiles from MC simulations reasonably well except for the small depletion zone near the wall (which cannot be accounted for in the strong-stretching approximation), and details at the outer brush edge which are due to numerical difficulties of accurately sampling the tail of the chain length distribution in the MC simulation. Panel (b) displays the average end monomer positions as a function of the length of constituent chains. Again, there is a slight discrepancy between the MC data and the theory in the range of the longest chains, which is most probably related to the corresponding difference in the density profiles, while the agreement of the SCF results and the theory is excellent. The chain end fluctuations are presented in Fig. 7(c) . The analytical theory cannot describe the fluctuations since it is based on a Newtonian-path approximation. Surprisingly, the MC simulation results can be fitted by the simple formula for the ideal coil fluctuations: varZ N = N 3 . SCF calculations predict a suppression of end fluctuations with respect to the ideal coil values, which can be related to the convex shape of the effective potential. However, this is not observed in the simulations. In mean-field theory, chains are subject to a weak effective potential generated by other chains for all distances from the substrate. In practice, however, the longest chains are fairly isolated within the brush, and mostly behave as free coils.
D. Monodisperse brushes as near-critical systems
From the discussion above, it is clear that polydispersity has a pronounced effect on the chain end fluctuations. Fig. 8(a) ations as a function of the polydispersity index N w /N n . For small polydispersities, the peak of varZ N (N ) is localized near the point N = N n (see Fig. 4(c) ). At higher polydispersities, the peak first degenerates into a plateau in the N ∼ N n range (see Fig. 6(c) ), and then disappears (see Fig. 7(c) ). Both theory and simulations indicate that at sufficiently high polydispersity, the chain end fluctuations are essentially reduced to the values characteristic of an ideal coil, varZ N = N/3. Therefore, the peak values displayed in the Fig. 8(a) have been normalized by N n /3, thus demonstrating the enhancement of fluctuations compared to the ideal coil. With increasing poly- dispersity, the enhancement factor initially drops sharply and then decays further and approaches 1.
A monodisperse brush exhibits anomalous chain fluctuations [42] , see Eq.(7). The enhancement factor is given by 3varZ mono /N n ∼ σ 2/3 N n and diverges for asymptotically long chains. Polydispersity clearly serves as a parameter that suppresses the anomalous fluctuations enhancement. One is naturally reminded of the famous polymer-magnetic analogy proposed by des Cloizeaux and Jannink [43] . The phase behavior of a ferromagnet close to the critical point is driven by two relevant scaling fields, the temperature and the external magnetic field. In a similar manner, we can also identify two parameters, the number-averaged chain length and the polydispersity parameter, which determine the critical behavior of the polydisperse brushes.
In fact an isolated polymer coil by itself exhibits nearcritical density fluctuations characterized by a large correlation radius ξ ∼ N ν (where ν is the Flory exponent). The inverse chain length, N −1 , plays the role of the distance from a critical point. In a semi-dilute solution long-range correlations are suppressed at the length of ξ ∼ c n serves as a measure of a distance from a true critical point, the fluctuation enhancement factor diverging as δ −1 1 . It is worth noting that the parameter δ 1 can be associated with the (squared) ratio
2 of two characteristic length scales of the system, namely the brush height H mono and the gyration radius R g ∼ √ N of ideal coils of length N n . Hence δ
The polydispersity parameter, (N w /N n − 1) is linked to yet another distance, δ 2 , from the critical point. Two of us have shown [39] that for a specific type of asymmetric narrow chain length distributions, the fluctuation enhancement factor scales as (N w /N n − 1)
. The origin of the polydispersity effect on the chain fluctuations lies in the special property of the mean force potential in a purely monodisperse brush. It is known that a broad chain end distribution (with width of order H) is a necessary requirement for the existence of a monodisperse brush in the limit of asymptotically long chains, irrespective of the particular brush regime (solvent quality, chain stiffness, etc.) [44] . Such a broad distribution requires a cancellation of the elastic forces in the chain at the level of the softest Rouse mode. The parabolic potential of mean force serves exactly to this effect. It is essential that the second derivative
dz 2 is a constant and takes the a critical value of 3 π 2Nn 2 (in absolute numbers). Even a very minor deviation from perfect monodispersity changes the potential shape and leads to a decrease in
Hence, the chain elasticity is not cancelled completely, and this results in a dramatic reduction in the chain end fluctuations. In Appendix B 3, we demonstrate this effect using a simple generic form of a chain length distribution linked to the Fermi-Dirac distribution at low temperatures. This also results in a scaling of the fluctuation enhancement factor of the form
independent of δ 1 . This scaling law is expected to hold in the limit δ 1 → 0 or more generally in cases where δ 1 is sufficiently small that the fluctuation enhancement of Eq. (16) is much smaller than that in the corresponding monodisperse brush.
In an attempt to unify the two different effects we make a scaling Ansatz for the fluctuation enhancement factor 3(varZ N ) max /N n =: V (δ 1 , δ 2 ), which must be chosen such that we recover V (δ 1 , 0) ∼ δ for infinitely long polydisperse brushes. These requirements are met by the following Ansatz:
where the scaling functionV (x) approaches a constant for x → 0 and scales asV (x) ∼ x −1/2 for large x. To test this scaling hypothesis, we replot in Fig. 8(b) the same data as in Fig. 8(a) in a scaled representation, i.e., we show the rescaled enhancement factor 3(varZ N ) max /N n δ 1 ∼ (varZ N ) max /N 2 n as a function of the scaling variable δ 2 δ Fig. 8(b) also includes SCF data for chain lengths up to N n = 500. The data for different average chain lengths N n roughly collapse. Deviation from the proposed scaling behavior can be noticed especially for short chains. However, the asymptotic behavior 3(varZ
−1/2 for long polydisperse chains can be confirmed. We should note that the critical exponents entering Eq. (17) are mean-field exponents, in reality they may deviate. Nevertheless, we can conclude that a brush is a near-critical system as far as the chain fluctuations are concerned. In order to observe this anomalous behavior one needs to be close to the critical point characterized by the limit N σ 2/3 −1 → 0, N w /N n → 1. It is worth restating the consequences of this finding for situations where the critical point is approached along the two directions in the parameter space. A purely monodisperse brush always demonstrates near-critical chain fluctuations, the relevant distance to the critical point being δ 1 ∼ σ −2/3 N −1 . This results in slow (unentangled) relaxation with the characteristic relaxation time scaling as τ ∼ N 3 n which was predicted theoretically [42] and subsequently verified by several simulations [45] [46] [47] [48] . The fluctuations enhancement factor also describes the increase in the relaxation time compared to the Rouse time, τ τ R δ −1
1 . Another consequence of the near-critical behavior is the increased chain susceptibility [31, 49] leading to effects like the "surface instability" introduced by Sommer and coworkers in Refs. [50] [51] [52] . There, the end-groups of some brush chains were modified to become sensitive to small variations in the solvent quality, which resulted in the possibility of an abrupt transition for the modified chains either "hiding" inside the brush or exposing the end-group at the outer brush edge. We should note that apart from the individual chain fluctuations, a monodisperse brush exhibits "normal" behavior: for example, the density correlation length scales as σ −1/2 , i.e. as the mean distance between the grafting points [10] .
Any finite polydispersity automatically limits the fluctuation enhancement. The MC simulations data show that even at the polydispersity index of N w /N n =1.02, which is so close to monodisperse that it is actually quite difficult to achieve experimentally, the near-critical behavior is severely suppressed. In the experimentally relevant polydispersity range N w /N n = 1.1 ∼ 1.15 the enhancement factor is of order 1. Thus we expect Rouse relaxation times τ ∼ N 2 n to be restored even in moderately polydisperse brushes. In this range of polydispersities we also expect the surface instability phenomenon to be considerably weakened if not to disappear completely.
Although the limit N w /N n → 1 of vanishing polydispersity is not very interesting from a practical point of view, the fact that it is related to critical behavior with a power-law fluctuation growth makes it quite intriguing from the point of view of fundamental physics. Traditionally, this type of behavior is associated with a continuous (second order) phase transition. Can we identify the actual phase transition in brushes at vanishing polydispersity? It is clear from the simulation results that the brush density profile essentially does not change in the N w /N n → 1 limit. Thus all the bulk properties of the brush remain the same. It is difficult to identify an extensive "order parameter" that would characterize a continuous change into a new phase with a different symmetry, as in the magnetic counterpart of the des Cloizeaux analogy. Qualitatively, the situation rather resembles a supercritical fluid approaching the gas-liquid critical point, where the density remains essentially constant and the symmetry of the underlying phase does not change. However, the critical point can only be approached from one side. The regime of two phases (gas-liquid) coexistence has no obvious counterpart in the brush case. On the other hand, recent numerical SCF calculations of Romeis and Sommer [52] have revealed a possibly related multicritical behavior in binary brushes where the two components a, b have different chain lengths N a,b and different solvent selectivities v a,b . These systems exhibit a multicritical point at N a = N b , v a = v b , which connects two coexistence regions, one in the quadrant v a < v b , N a > N b and one in the quadrant v a > v b , N a < N b , where a state with exposed a-chains coexists with a state with exposed b-chains. It might also be possible to identify coexistence regions in polydisperse brushes if we extend the space of control variables.
VI. POLYDISPERSE BRUSH IN HYDRODYNAMIC SHEAR FLOW
Finally in this section, we discuss the interaction of a brush-coated surface with a hydrodynamic flow in the limit where the flow is so small that its effect on the brush can be neglected [53] . In general, the response of the brush to flow is controlled by the Weissenberg number, W i , which is defined as the product of the brush chain relaxation time and the typical shearing rate W i = τγ. Here we consider the regime of vanishingly small W i . A detailed understanding of flow-mediated forces for higher Weissenberg numbers is much more challenging and requires either approaches based on system-specific theories for the hydrodynamics of complex fluids or explicit dynamic simulations.
At low shearing rates with W i ≤ 0.3, the brush is almost unperturbed by the flow [53] and thus certain hydrodynamic parameters can be linked to equilibrium brush characteristics. We study the problem of shear flow penetration into an unperturbed brush following Milner [54] who evaluated the hydrodynamic penetration depth for a parabolic monodisperse brush. Our main focus is, of course, to study the effect of brush polydispersity. The notion of the penetration length is essential for understanding the lubrication forces that oppose the approach of a sphere of radius R towards a flat surface when they are immersed in a liquid of viscosity η (see Fig. 9(a) ). The force is described by the Reynolds formula
where D is the closest distance between the surfaces.
The Reynolds equation has been tested for solid surfaces down to surface separations of some 10 molecular diameters [55] . When the surfaces are coated with polymer brushes, the parameter D refers to the separation between the points where the tangential velocity profile at the brush surface extrapolates to zero. These points coincides neither with the position of the solid substrate nor with the outer brush edge, see Fig. 9(a) . The penetration of a shear flow into a monodisperse brush was calculated by Milner in Ref. [54] under the assumption that the brush can be treated as a dilute porous medium, according to the seminal paper by Brinkman [56] , and that the inhomogeneous unperturbed brush density profile introduces a position-varying screening length λ(x). In the absence of pressure gradients, the equation describing the tangential velocity component v as a function of the distance from the outer edge of the brush, x = H − z, (see Fig. 9 (b)) reads:
Several versions were proposed for the connection between the screening length and the local monomer density φ. Lai and Binder [57] assumed that the scaling expression for the correlation length in semi-dilute solutions scales as λ ∼ φ −3/4 , while Milner [54] used the correlation length that appears naturally in the SCF picture of a polymer brush in a good solvent, λ ∼ φ −1 . Suo and Whitmore [58] recently suggested yet another form for the relation λ(φ) based on a free-draining assumption for the brush chains. Here we will first adopt Milner's approach in studying the polydispersity effects and then extend our results to include the free-draining limit.
In the simplest case of the Alexander brush with a constant density, the solution decays exponentially:
and the resulting penetration depth l p = λ = 1/φ 0 (where φ 0 is the density at the grafting surface) depends only on the grafting density and not on the chain length [54] ,
For a monodisperse brush with a parabolic profile, the density near the brush edge is approximated by a linear function with the slope evaluated at z = H mono :
The solution is given by Eq. (C1) in Appendix C. The initial decrease of the flow velocity as it penetrates the brush is approximately linear, and the hydrodynamic penetration depth is defined as the depth where this velocity profile extrapolates to zero. The result for l p is presented below in Eq. (24) (top line). The predicted penetration depth is considerably larger than that obtained for the Alexander brush model (Eq. (21)), but is still much smaller than the brush thickness. The same solution is obtained for the moderately polydisperse brush with a profile close to linear in the whole range of z.
The only modification to Eq. (C1) is that the slope in the expression for φ(x) must be replaced according by φ(x) = xφ 0 /H = penetration may be more pronounced. The convex shape of the density profile suggests that a quadratic approximation to the brush profile is more appropriate than a linear one. Indeed, the exact analytical expression, Eq. (14), yields the asymptotic tail density
The solution for the flow profile is given by Eq. (C3) in Appendix C and yields the hydrodynamic penetration length shown in the bottom line of the equation below. (24) These scaling expressions for the penetration depth can also be derived from simple qualitative arguments. It is clear that very close to the brush edge the density is low and the flow can penetrate easily. As the density increases, the local screening length goes down and the flow is screened stronger. At some point, the local screening length becomes comparable to the distance that the flow has penetrated already, x ∼ λ(x). Beyond that point, the flow is effectively stopped. Hence the penetration depth can be estimated from a simple condition:
In the case of the monodisperse or moderately polydisperse brush with φ(x) ∼ xφ 0 /H mono , this leads to We conclude that generally the hydrodynamic penetration depth l p increases with increasing polydispersity index. However, for weak to moderate polydispersities, the increase is relatively small and does not modify the scaling law l p ∼ N 1/2 n σ −1/6 . Strong polydispersity represented by an exponential chain length distribution with N w /N n = 2 leads to a considerably larger hydrodynamic penetration depth with a different scaling, l p ∼ N 2/3 n . The above discussion is based on the assumption that the brush can be treated as a porous medium [54] , i.e., brush monomers are taken to act as fixed obstacles on the flow. In reality, monomers can follow the flow to some extent, and even though this does not change the density profiles significantly at low shear rates, it does affect the force balance equation that determines the flow profile in the brush. In the so-called "free-draining" limit where hydrodynamic interactions are neglected [53] , the drag force due to flow-brush interactions becomes linear in the monomer density. A modified Brinkmann equation that conforms to the free-draining model was recently introduced in Ref. [58] :
Here the screening length is now related to the monomer density as λ ∼
. Considering only the low monomer density limit φ(x) 1 and omitting prefactors of order 1, we obtain
Repeating the calculations for the four cases discussed above yields the following expressions for the penetration depth into free-draining brushes:
n σ −1/9 moderately polydisperse
∼ N 1/2 n strongly polydisperse (28) All these scaling results still follow from Eq. (25), using λ(φ) = φ −1/2 . Due to the increased drag force on the solvent in the free-draining case, it is more difficult for the flow to penetrate the brush compared to the case of partially screened hydrodynamics.
We should stress again that our treatment, which was based on the assumption that the brush profile is not perturbed by the shear flow, can only be used for small shear rates. This restriction is particularly relevant in the case of strongly polydisperse brushes which are very tenuous and thus susceptible to small external forces near the outer edge. Whether the treatment presented above is valid in under prevalent experimental conditions has been a subject of some debate [55] .
The behavior of brushes in shear flow has been studied extensively by various versions of MD, dynamic MC, and DPD simulations. Some MD simulations [53] have employed the free-draining approximation to evaluate the drag forces applied to brush chains. In contrast, Wijmans and Smit [59] carried out DPD simulations with explicit solvent that did not make any assumptions regarding the velocity profile in the polymer layer. Their results can be used to check the validity of theories that describe the solvent flow, such as the Brinkman equation and, in particular, the dependence of the position-dependent screening length on the local monomer density. According to these simulations for rather short brush chains with N = 20 and several grafting densities, the data on the screening length λ as a function of the monomer density collapse onto a master curve, giving λ ∼ φ −0.55 . This is in better agreement with the free-draining treatment than with the non-draining relation in the absence of swelling effects λ ∼ φ −1 utilized by Milner [54] .
A direct DPD simulation of the flow penetration into a brush-coated surface and the penetration depth was recently carried out by Deng et.al. [60] . The brush was monodisperse. With the flow velocity gradients used in the simulations, the brush density profile was almost unperturbed, which corresponded to Weissenberg numbers of less than W i = 1. The observed penetration depth was considerably smaller than the total brush height (roughly 1/10) but not small compared to atomic sizes (about 5 nm after conversion of the model parameters to ordinary units). It was shown that the penetration depth decreases with increasing grafting density, σ, although the change is not large. The scaling exponent for the l p (σ) dependence was not estimated, and the length of the brush chains was not varied.
We close this section with a brief discussion on the total shear stress experienced by the brush-coated surface. The average drag force exerted by the flowing solvent on the brush-coated surface depends on the velocity profile, which, in turn, is determined by details of the brush-flow interaction. Under stationary conditions, the force balance requirement results in a simple identity that could provide a useful test to check the consistency of the numerical work. Imagine a pair of opposing surfaces in Couette geometry, one of which is brush-coated and the other is bare. The shear stress acting on the bare surface is completely determined by the velocity gradient at the boundary ηγ. This gradient is the same across the gap where only pure solvent is flowing, down to the outer brush edge and can be accurately measured in simulations. The total drag per unit area of the brush-coated surface must always be given by the same expression, irrespective of the brush parameters or the detailed way of treating hydrodynamics. Thus the value of the stationary velocity gradient outside the brush encodes all the relevant information on the brush-flow interaction.
VII. SUMMARY: MAIN FEATURES OF POLYDISPERSE BRUSHES
The main focus of the present paper was to systematically compare the equilibrium and hydrodynamic properties of monodisperse and polydisperse brushes. We first recapitulate some very general results that have first been obtained by Milner, Witten, and Cates [24] for arbitrary molecular mass distributions, but have remain underappreciated in the current literature in our opinion:
1.) Under good solvent conditions and in the strong crowding limit, the monomer density at the grafting surface, φ 0 , is determined only by σ and the excluded volume parameter, v:
and depends neither on the average chain length, nor on the shape of the chain length distribution. In simulations, one observes some decrease in the brush density near the surface for larger polydispersities which is a finite-N effect that would disappear in the asymptotic limit. 2.) Under the same conditions, the brush height always scales as:
irrespective of the particular shape of the chain length distribution and of the polydispersity index. The prefactor, however, is a function of the chain length distribution and typically increases with the polydispersity parameter.
Turning to our own results, in the following, we summarize the changes in the brush properties produced by polydispersity effect. In the present paper we have mostly focussed on the Schultz-Zimm family of molecular mass distributions, and hence a polydisperse brush is uniquely characterized by 3 parameters: the numberaveraged molecular mass (or polymerization index), N n , the grafting density, σ, and the polydispersity index N w /N n .
3.) At fixed N n and σ, the brush height increases with the polydispersity parameter, which can be approximately described by a very simple expression as demonstrated in Fig. 2. 4.) With increasing polydispersity, the shape of the brush density profile systematically changes from the concave down parabolic shape to a convex shape. At moderate polydispersity, N w /N n 1.15 the profile is close to linear with a constant slope (see Fig. 1 ).
5.) A monodisperse brush is characterized by anomalous chain end fluctuations varZ N ∼ H 2 due to the fact that the end monomer of each chain explores all the space within the brush thickness. In a polydisperse brush, the end of each chain fluctuates around its own mean position. With increasing polydispersity, the anomalous fluctuations are suppressed as illustrated by Fig. 8 , so that eventually the fluctuations of a typical chain recover the ideal behavior varZ Nn ∼ N n .
At least two effects are expected as consequences of this change. The first is related to chain relaxation dynamics. A monodisperse unentangled brush exhibits very large relaxation times τ ∼ N 3 n ; however, we expect Rouse relaxation times τ ∼ N 2 n to be restored even in moderately polydisperse brushes. For longer chain lengths N n , entanglement effects become important. A recent study on dense monodisperse polymer brushes showed that the relaxation time scales exponentially with the chain length N n with the prefactor N 3 n , i.e., τ ∝ N 3 n exp(N n /N e ) where N e is the entanglement degree [61] . We would expect that when the entanglement is involved, the relaxation time might be reduced to τ ∼ N 2 n exp(N n /N e ) even in moderately polydisperse brushes. The second consequence relates to the effect reported in Refs. [15, 50] as "surface instability" of a monodisperse brush: The modification of the end-group of some brush chains so that it becomes sensitive to small variations in the solvent quality results in a possibility of an abrupt transition for the modified chains either "hiding" inside the brush or exposing the end-group at the outer brush edge. The transition is clearly linked to the anomalously high susceptibility of chain ends in a monodisperse brush. As the latter is strongly suppressed by polydispersity, we expect the surface instability to be affected as well.
6.) Hydrodynamic flow near a brush-coated surface penetrates into the brush. The penetration depth, l p , increases with the polydispersity since the brush becomes more tenuous at the edge. For moderate polydispersities the effect is not very large, but for N w /N n = 2 we predict a stronger scaling l p ∼ N 2/3 n as opposed to l p ∼ N 1/2 n σ −1/6 in the monodisperse case. We hope that the relatively simple picture of polydisperse brushes, their internal structure and related properties, which we have presented here, may be useful for researchers developing new methods of brush synthesis and applications of brush-coated surfaces. In the SCF approach [37, 62] , the configurational partition function is converted to path integrals over the fluctuating fields by invoking functional delta constraints. One obtains Z = DωDρ t e −βF with the free energy functional expressed as
where φ is the total fluctuating density, ω is the corresponding conjugate auxiliary potential, and Q α is the single chain partition functions for the α-th chain. For a system with macroscopic volume V , we assume that the sum over all brush chains can be replaced by a continuous integral weighted by a proper continuous chain length distributions, which means
where Q is the partition function of a brush chain with chain length N , and P (N ) is defined as the quenched chain length distribution function normalized to unity ∞ 0 dN P (N ) = 1. Extremizing the free energy functional with respect to the fluctuating fields, i.e., the density φ and the potential ω, we obtain a set of closed SCF equations
where the single chain partition function can be calculated from the propagators, i.e., Q N = drq † (r, N ). The propagators q † and q satisfy the same modified diffusion equation
but with different initial conditions. We use the initial condition q(r, 0) = 1, and q † (r, 0) = δ(z), i.e., one end of each chain is free, while the other end is grafted at z = 0 with mobile grafting point. Since the grafting substrate is impenetrable for all chains, we implement Dirichlet boundary condition there.
Inserting the SZ distribution function P (N ) into the density φ, we obtain
where x = kN/N n . In practice, the above infinite integration is approximated by the Gauss-Laguerre quadrature [63] , which has the form of
where the abscissae (x j ) and weights (w j ) can be evaluated numerically. This quadrature normal converges very rapidly. For example, for a polymer blend, n G 10 is enough to generate converged interfaces. For the present brush system, we found that several ten points are necessary to obtain smooth and accurate brush density profiles. With a smaller number of sampled chain lengths, the obtained brush densities are not so smooth. In the present paper, we adopt n G = 60. The modified diffusion equation is solved in real space using the Crank-Nicolson scheme, which is a finite difference method. The SCF equations are solved iteratively by updating the potential ω with a simple mixing scheme. In the main text we consider only the one dimensional system. An important quantity that needs to be specified in order to characterize the structure properties of a polydisperse polymer brush is the self-consistent potential ω(z).
At the mean field level, in good solvent, this potential is proportional to the monomer density with the proportionality constant being the excluded volume parameter.
We begin with briefly describing the mean-field approach we use to evaluate the potential. It is based on the MWC theory [24] . Our goal is to derive an expression for the potential as a function of the distance from the substrate, i.e., the spatial coordinate z. We assume that the potential is a monotonically decreasing function of z with its maximum a z = 0, where the monomer density is high, and that it vanishes at the brush edge z = H. The potential can then be written as ω = A − U , where U is a monotonically increasing function with U = 0 at z = 0 and U = A at z = H. For 0 < z < H there hence exists a unique relation between z and U .
Apart from the mean-field approximation, we also adopt the strong stretching approximation, i.e., we assume that chains never loop back, and take the asymptotically long chain limit whereby fluctuations can be neglected. As demonstrated in the MWC theory [24] , the density and the potential are connected through the free end distribution Φ e (z) via
in this limit, where we have defined (U ) = Φ e (z) dz/dU . Since we have φ(z) = A − U (z) for a brush at the mean field level (note again that we set v = 1), this equation
we can define a cumulative grafting density σ c (z), corresponding to the number of polymer chains per unit area with chain end position at distance smaller than z(U ) from the substrate, i.e., σ c [U ] = U 0 dU (U ). Inserting the expression for , we can express the cumulative grafting density as a function of U ,
As the total grafting density for all chains is fixed to be σ, which requires σ c (A) = σ, we have σ = 
This implies that the monomer density at the grafting surface z = 0 is only determined by the total grafting density, independent of the polydispersity. In a polydisperse brush, according to the strong segregation approximation, chains with different lengths are completely segregated, and there is a unique relation between the chain length N , the position of the end monomer z, and the corresponding value of U (z). Hence we can associate σ c (U ) with the cumulative grafting density σ c (N ) of chains with length shorter than N , and from Eq. (B2), we can express U as a function of σ c (N ), i.e.,
On the other hand, the inverse function, N (U ), obeys
B5) in the strong stretching theory [24] , and one can easily see that this equation is fulfilled if
From these equations we can obtain U (z) is N (U ) is explicitly known. Finally, Eq. (B6) may be integrated to find a general expression for the equilibrium height:
Since every chain length distribution with a finite first moment can be written in the form P (N ) = N 
Substituting A from Eq. (B3) we obtain
The integral is a pure number that is determined solely by the shape of the chain length distribution but does not depend on σ or N n . Thus the scaling relation
is generally valid for any non-pathological chain length distribution. For a monodisperse brush the integral is reduced to
For any other chain length distribution it will have the meaning of H Hmono . As another simple illustration, we note that for an exponential distribution density, Eq. (B34) leads to the explicit form The monodisperse brush corresponds to the very special limit where N (U ) in Eq. (B5) is a constant, N (U ) ≡ N n . Even though the assumption of chain length segregation obviously breaks down in this limit, and the function N (U ) cannot be inverted, all equations of the previous section except Eq. (B4) still hold (with dN/dU = N n lim →0 + δ(U − )) and Eq. (B6) immediately gives
Here we summarize the main structural properties of monodisperse brushes. The density profile is given by:
where φ(0) = 3 2 πσ 2 2/3 . The brush height
scales linearly with the chain length N n . The brush density generates the chemical potential profile:
Next we introduce a vanishing fraction of minority chains of different length, N , into the otherwise monodisperse brush. The Green's function of a minority chain is given by the known solution of the Edwards' equation
in the presence of a parabolic potential Eq. (B13) and an impenetrable inert grafting surface [41] :
Here B is a normalization factor. If minority chains are longer or equal to the mean length of the majority chain, N ≥ N n , the Green's function Eq. (B15) shows an unbounded monotonic increase with z since the solution refers to a potential extending to infinity and an ideal Gaussian chain with unlimited extensibility. Even chains slightly shorter than N n are predicted to extend beyond the brush edge at z = H mono . However, the brush edge modifies the potential at z > H dramatically which roughly amounts to a truncation of the Green's function Eq. (B15) at z = H mono for chains with N ≤ N n .
Comparison with numerical SCF calculations shows that for longer chains, N ≥ N n , the truncated Green's function describes well the position of the N n -th monomer, while the last N − N n monomers have a mushroom-like configuration with the average end-to-end distance of [π(N − N n )/6] 1/2 . Obtaining the full expression for the average distance of the free end Z e (N ) is rather cumbersome, but most of the curve can be described by two simple limits:
, N > N n (B16) where the difference |N −N n | must be at least a few units for the approximation to be meaningful. Similarly, the variance of the end-monomer position varZ N is evaluated using the truncated Green's function for N ≤ N n , while for N > N n an extra term (4−π) 6 (N − N n ) accounting for the terminal subchain with a mushroom configuration is added. For the fluctuations of the end-monomer positions we have two simple limits:
Weakly polydisperse brush
A monodisperse brush is characterized by the relation
To introduce an analytically tractable model of weakly polydisperse brushes we replace the Θ-function by a function which is reminiscent of the well-known low-temperature limit of the FermiDirac hole occupancy:
where ∆ is a small parameter analogous to the reduced temperature
in the Fermi gas: It gives the relative width of the "smoothing". In the language of the chain length distribution density, P N n π
(note that in this case, the lower bound in the integral (B6) and dU dz dU cannot be set to zero, but must be chosen U (0) ≈ exp(− 1 ∆ ) = 0). Our main focus is to estimate the second derivative 
up to terms linear in the small parameter
where ψ U A is obtained from Eq. (B20) and positive for U/A > 0.07. Hence the curvature of the mean-force potential is indeed reduced, the relative reduction being linear in ∆. Evaluating the function ψ close to the middle point of the brush, U/A = 1/2 we obtain an approximation for the typical curvature of the potential:
with c ≈ 6. Now the fluctuations of a chain with N = N n can be obtained from the Green's function Eq. (B15) modified to account for the reduced coefficient in the parabolic potential: 
as long as they don't exceed those in a purely monodisperse brush.
Moderately polydisperse brush with exactly linear density profile
The density profile of a brush formed by chains with SZ distribution at N w /N n = 1.143 (k = 7), is reasonably close to a linear shape. From a theoretical point of view this presents a considerable advantage since the Green's function of an ideal chain placed in a linear potential is known [40] . Equally fortunately, one can also find a closed-form analytical description of a polydisperse brush with exactly linear profile within the SCF strongstretching approximation. We write the linear density profile as
where we have discussed that φ 0 ≡ A has nothing to do with the polydispersity. From the density profile, the height of the brush can be defined as H = φ 0 /f . The slope f can be specified according to the fact that the total number of monomers in the system are fixed to be σN n , i.e., one can get f = φ 2 0 /(2σN n ). According to our previous notation, we have U = f z, and thus dz/dU = 1/f . According to Eq. (B5), we obtain N (U ) = √ 6U /f , from which we have U = f 2 N 2 /6. Subsequently, we can evaluate the cumulative grafting density according to Eq. (B2)
The derivative of σ c (N )/σ with respect to N gives the chain length distribution function where the cut-off chain length N max is defined as N max = √ 6A/f = 16 3π N n . It can be checked that this chain length distribution is normalized to 1, and the number-averaged chain length is equal to N n as expected. The polydispersity index can be directly calculated as N w /N n = 1.153, which is quite close to that of the SZ distribution with k = 7 although the actual shape differs as demonstrated in Fig. 6(a) and Fig. 6(d) (insets) . In terms of H mono with the same parameter σ and N n given by Eq. (B12), the brush thickness of the moderate polydisperse brush can be expressed as H = 4 3 H mono . It is a puzzling coincidence that the form of the chain length distribution given by Eq. (B28) is the same as the end monomer density distribution in a monodisperse brush.
A linear density profile generates a uniform constant stretching force acting on each monomer, very similar to a gravitational field. The Green's function of a chain placed in a uniform force field of strength f is a solution of the Edwards' equation (Eq. (B14)) with ω(z) = −f z, which was obtained in Ref. [40] :
(B29) A closely related solution in the context of quantum mechanics (propagator for a non-relativistic particle in an accelerator) has also been known [64] . The polymer Green's function was used to describe properties of a chain in a viscous flow or of a charged chain in a uniform electric field. It is quite striking that a polydisperse brush turns out to be another possible source of a linear potential. The force f is to be identified with the slope of the linear density profile:
For a semi-quantitative comparison of the theory with the MC data, the effect of the impenetrable grafting surface and the cut-off of the field for z > H, i.e., beyond the brush edge, must be taken into account. This is done in manner similar to the monodisperse case:
where B is a normalization constant Like in the monodisperse case, the Green's function (Eq. (B29)) is used to evaluate Z e (N ) and varZ N for chains with N ≤ N max . For longer chains, these values are interpreted as referring to the N max -th monomer, and the contributions due to the mushroom-like tail of length (N − N max ) are added in the same way as in Sec. B 2, except that N n is replaced by N max here.
Strongly polydisperse brush
The SZ distribution with N w /N n = 2 (k = 1 ) has a simple exponential shape:
This allows a closed-form analytical solution within the framework of the theory developed by Milner, Witten, and Cates (MWC) [9] . The cumulative grafting density (distribution) σ c (N ) which plays a central role in the theory can be calculated directly as
The chain length as a function of U can be obtained according to Eq. (B4)
from which we have the derivative
Inserting this above equation into Eq. (B6) and performing the integration, we get
Integrating this equation, we get
(B37) We recall that according to the MWC theory, the density at the grafting surface is defined solely by the total grafting density and the number-averaged chain length, irrespective of the polydispersity, φ(0) = A. Recognizing that U/A = 1 − φ/φ(0), H mono = 2 π 2A/3N n , one can express the density profile as:
where y = Ψ(x) is the inverse of the function x = √ 1 − y − √ y arcsin( √ 1 − y). The density profile terminates at the distance z = 3H mono . The end monomer position as a function of the chain length is found by substituting U (N ) from Eq. (B34) into Eq. (B37) and identifying z(U (N )) with Z e (N ), which serves approximately as the average position of the free end monomer.
